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Abstract
We investigate linear theories of incompatible micromorphic elasticity, incompat-
ible microstretch elasticity, incompatible micropolar elasticity and the incompatible
dilatation theory of elasticity (elasticity with voids). The incompatibility conditions
and Bianchi identities are derived and discussed. The Eshelby stress tensor (static
energy momentum) is calculated for such inhomogeneous media with microstruc-
ture. Its divergence gives the driving forces for dislocations, disclinations, point
defects and inhomogeneities which are called configurational forces.
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1 Introduction
In this paper we consider microcontinuum field theories like micromorphic elasticity, mi-
crostretch elasticity, micropolar elasticity and dilatation elasticity. The aim of this paper
is to derive the incompatibility conditions, the Eshelby stress tensor [1, 2] and the configu-
rational forces, which are still missing for such materials, except the micropolar elasticity,
in the literature. The micromorphic continuum theory was essentially developed by Erin-
gen and Suhubi [3], Eringen [4, 5, 6], Mindlin [7], Toupin [8], Maugin [9] and Germain [10].
A micromorphic theory can be used to model materials with microstructure. A micro-
morphic continuum, as we consider, is built up from particles which possess an inherent
orientation. Such a micromorphic theory is quite interesting to study due to technical
and mathematical reasons.
A micromorphic elastic solid possesses twelve degrees of freedom: three translational
ones and nine ones of the microstructure (rotation, shear, dilatation). The micromorphic
theory can be reduced to microstretch elasticity, micropolar elasticity and dilatation elas-
ticity. A microstretch elastic solid has seven degrees of freedom: three for translation,
three for rotations and one for stretch. Micropolar media possess three rotations and three
translations. In dilatation elasticity the microstructure has only one degree of freedom of
dilatation in addition to the three classical translation degrees of freedom. In presence of
defects such theories are incompatible microcontinuum field theory. The reason for the
defects are plastic parts of the total strain fields of the theory under consideration.
Only for micropolar elasticity the mathematical expressions for the Eshelby stress
tensor and the configurational forces are already known. They are given and discussed
by Kluge [11, 12], Jaric´ [13], Pucci and Saccomandi [14], Nikitin and Zubov [15], Maugin
[16], Lubarda and Markenscoff [17] and Lazar and Kirchner [18]. The same is true for the
incompatibility equations defining the defect fields (dislocations and disclinations). Quite
recently, Lazar and Anastassiadis [19] have given the Eshelby stress tensors for compatible
microstretch and micromorphic elasticity.
The aim of this paper is to close this lack in the literature. We start our study with
the theory of micromorphic elasticity. We derive the incompatibility equations which
are defining the defect fields (dislocations, disclinations and (intrinsic) point defects),
the Bianchi identities as conservation laws, the Eshelby stress tensor by means of (rigid)
translational invariance and the configurational forces as divergence of the Eshelby stress
tensor. Then we reduce such equations for microstretch elasticity, micropolar elasticity
and dilatation elasticity from the micromorphic ones.
2 Theory of micromorphic elasticity
2.1 Field equations
We consider the linear theory of micromorphic elasticity (see, e.g., Eringen [5, 6]). Accord-
ingly, we have to assume that a micromorphic continuum, which represents a continuum
with microstructure, has additional deformational degrees of freedom. The basic idea is to
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attach to each point of a three-dimensional continuum three (or in general n) linearly in-
dependent vectorial ‘directors’. In addition to the classical deformation, sometimes called
macro-deformation, the state of the continuum is specified by the deformation of the di-
rectors. For a crystalline solid the directors could be interpreted as the position of the
atoms with respect to the center of mass of the primitive cell if the primitive cell contains
more than one atom. In liquid crystals the director fields characterize the molecules.
In micromorphic elasticity the equilibrium equations for the physical fields (force stress
σij , micro-stress sij, micro-hyperstress tensor µijk) are given by:
∂jσij + fi = 0, (2.1)
∂kµijk + σij − sij + lij = 0, (2.2)
where fi, lij , are the body force and the body moment tensor, respectively. The hyper-
stress tensor can be decomposed into its antisymmetric part1, its trace, and its symmetric
traceless part with respect to its first two indices i and j
µijk = µ[ij]k︸︷︷︸
moment stress
+
1
3
δij µk︸︷︷︸
dilatation stress
+ µր(ij)k︸ ︷︷ ︸
shear stress
(2.3)
where
µր(ij)k := µ(ij)k −
1
3
δij µk. (2.4)
The antisymmetric part (9 components) µ[ij]k can be called rotatory hyperstress, its con-
ventional name is moment stress (or couple stress). Here µk := µllk is the dilatational
hyperstress (3 components) and the symmetric traceless part (15 components) µր(ij)k de-
notes the shearing hyperstress (without moment).
In the case of material linearity, the strain energy density is given by
w =
1
2
γij Aijklγkl +
1
2
eij Bijklekl +
1
2
κijk Cijklmnκlmn
+ γij Eijklekl + γij Fijklmκklm + eij Gijklmκklm (2.5)
in terms of the geometric fields: the relative deformation (9 components) γij, the micro-
strain (6 components) eij and the micro-wryness tensor (27 components) κijk.
For a compatible material they read [6]
γij = ∂jui − φij , (2.6)
eij = eji =
1
2
(φij + φji), (2.7)
κijk = ∂kφij, (2.8)
where ui is the displacement vector of the mass center of the particle, called macro-
displacement, and φij denotes the micro-deformation tensor of the inner structure of
1We use the notation of Schouten [20]. Symmetrization over two indices is denoted by parentheses,
A(ij) := (Aij +Aji)/2!, antisymmetrization by brackets, B[ij] := (Bij −Bji)/2!.
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the particle. It is obvious that the relative deformation is the difference between the
macro- and micro-deformation. For a compatible material, the macro-distortion is just the
gradient of the macro-displacement: ∂jui . The deformation of the directors is coded into
the micro-wryness tensor. Thus, eij and κijk are determined by the micro-deformation,
only. For the relative distortion, γij, we have the decomposition according to:
γij = γ[ij]︸︷︷︸
relative rotation
+ γ(ij)︸︷︷︸
relative strain
, (2.9)
where the relative strain is the difference between the macro-strain, 1/2(∂jui+ ∂iuj), and
the micro-strain eij. Furthermore, γ(ij) can be split into the dilatational part γ := γll/3
and a deviatoric part as follows
γ(ij) = δij γ︸︷︷︸
relative dilatation
+ γրij︸︷︷︸
relative shear
(2.10)
where
γրij := γ(ij) − δij γ. (2.11)
The micro-strain can be decomposed according to
e(ij) = δij e︸︷︷︸
intrinsic dilatation
+ eրij︸︷︷︸
intrinsic shear
, (2.12)
where e := ell/3. The wryness tensor can be decomposed into its antisymmetric part, its
trace, and its symmetric traceless part with respect to its first two indices i and j
κijk = κ[ij]k︸︷︷︸
intrinsic rotational wryness
+ δij κk︸︷︷︸
intrinsic dilatation wryness
+ κր(ij)k︸ ︷︷ ︸
intrinsic shear wryness
(2.13)
with κk := κllk/3.
In Eq. (2.5) the tensors Aijkl, Bijkl, Cijklmn, Eijkl, Fijklm and Gijklm are constitutive
tensors. In general, the constitutive tensors fulfill the symmetry relations:
Aijkl = Aklij, Bijkl = Bklij = Bjikl = Bijlk, Cijklmn = Clmnijk,
Eijkl = Ejikl, Gijklm = Gjiklm. (2.14)
Only for a compatible material, one has the additional symmetry
Cijklmn = Cijnlmk. (2.15)
which is used by Chen and Lee [21]. If κijk is not a gradient, Eq. (2.15) is not valid.
The energy within a fixed volume of the body, over which the integrals will be taken
is
W =
∫
w d3x. (2.16)
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The constitutive equations where the material tensors vary with position read (see also Erin-
gen [6] for homogeneous media):
σij =
∂w
∂γij
= Aijklγkl + Eijklekl + Fijklmκklm, (2.17)
sij =
∂w
∂eij
= Eklijγkl +Bijklekl +Gijklmκklm, (2.18)
µijk =
∂w
∂κijk
= Flmijkγlm +Glmijkelm + Cijklmnκlmn (2.19)
with sij = sji.
2.2 Incompatibility conditions and Bianchi identities in micro-
morphic elasticity
If the elastic tensors γij, eij and κijk are incompatible, which means they are not gradients,
the total ones are decomposed independently into elastic and plastic contributions (see,
e.g., Forest and Sievert [22]):
γTij := ∂jui − φij = γij + γ
P
ij, (2.20)
eTij :=
1
2
(φij + φji) = eij + e
P
ij, (2.21)
κTijk := ∂kφij = κijk + κ
P
ijk. (2.22)
Also the plastic parts γPij, e
P
ij and κ
P
ij are incompatible. The total fields satisfy the com-
patibility conditions [6]:
ǫjkl(∂kγ
T
il + κ
T
ilk) = 0, (2.23)
ǫjkl∂kκ
T
inl = 0, (2.24)
−2∂ke
T
ij + κ
T
ijk + κ
T
jik = 0. (2.25)
Eventually, the elastic and plastic fields have to fulfill incompatibility conditions. In linear
micromorphic elasticity the incompatibility equations for the elastic fields are given by
αij = ǫjkl(∂kγil + κilk), (2.26)
Θinj = ǫjkl∂kκinl, (2.27)
Qijk = −2∂keij + κijk + κjik, (2.28)
and for the plastic fields
αij = −ǫjkl(∂kγ
P
il + κ
P
ilk), (2.29)
Θinj = −ǫjkl∂kκ
P
inl, (2.30)
Qijk = 2∂ke
P
ij − κ
P
ijk − κ
P
jik. (2.31)
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First of all, we note that the tensors Θijk and Qijk are determined by the deformation of
the micro-structure. Only, αij contains the information of the macro-deformation coded
into the relative deformation γij. αij is the dislocation density tensor which is identified
with the linearized version of the Cartan torsion tensor Tijk according to
αij =
1
2
ǫjklTikl. (2.32)
It has 9 independent components.
Θijk is a tensor of third rank obtained from the (linearized) Riemann-Cartan curvature
Rijkl, which is a fourth rank curvature tensor, as follows
Θijk =
1
2
ǫkmnRijmn. (2.33)
It possesses 27 independent components. The curvature tensor Θijk can be decomposed
into its symmetric and skewsymmetric parts according to
Θijk = Θ(ij)k +Θ[ij]k = Θ(ij)k − ǫijlΘlk, (2.34)
where (the minus sign is convention)
Θij = −
1
2
ǫiklΘklj = −
1
4
ǫiklǫjmnRklmn (2.35)
is the part which is called disclination density tensor. It is the three-dimensional (negative)
Einstein tensor of Rklmn. Θ[ij]k is a “rotational” curvature and possesses 9 components.
Whereas Θ(ij)k is a “strain” curvature and has 18 independent components. In addition,
the curvature Θ(ij)k may be decomposed
Θ(ij)k = Θր(ij)k + δij Θk. (2.36)
The first part in Eq. (2.36) is a curvature of shear type, which has 15 components, and
the trace Θk := Θllk/3 is the dilatational part with 3 components of the curvature. The
dilatation part Θk is called by Weyl [23] “distance curvature”.
Qijk is the tensor of nonmetricity (Qijk = Qjik). Therefore, the micro-strain eij is
nonmetric. One may interprete Qijk as a measure of (intrinsic) point defects disturbing
the metricity [24, 25]. Such point defects can be vacancies, self-intersticials and shear
defects. The nonmetricity tensor gives rise to a curvature tensor that has a symmetric
part Θ(ij)k. The nonmetricity tensor possesses 18 components as Θ(ij)k. The nonmetricity
can be decomposed into a traceless part and its trace according to
Qijk = Qրijk + δij Qk, (2.37)
where Qk := Qllk/3 is the so-called Weyl covector. Qk is related to (local) scale trans-
formations, whereas Qրijk is related to shear transformations, accordingly, it is a generic
field obstructing local rotation invariance. Thus, the first part of Eq. (2.37) corresponds
to defects of shear type and the Weyl covector describes defects of dilatation type.
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From the differential-geometrical point of view γij , κijk and eij are a coframe (9 com-
ponents), connection (27 components) and a metric (6 components), respectively. These
fields are independent field variables in a microcontinuum field theory.
The torsion, curvature and the nonmetricity fulfill the following Bianchi identities2
[28, 29]
∂jαij = Θijj 1st identity, (2.38)
∂jΘinj = 0 2nd identity, (2.39)
ǫklm∂lQijm = 2Θ(ij)k 3rd identity (2.40)
which must be satisfied by αij , Θijk and Qijk. The first Bianchi identity means that
dislocations can interact with disclinations and point defects. The curvature Θijk is di-
vergenceless in the last index. From the third Bianchi identity it can be seen that the
part of the curvature Θ(ij)k is given in terms of the nonmetricity tensor which describes
point defects. Thus, Θ(ij)k only emerges if nonmetricity is admitted.
If dislocations are only present in a micromorphic medium, the nonmetricity tensor
and the curvature tensor are zero and the dislocation density tensor reduces to
αij = ǫjkl∂kβil = −ǫjkl∂kβ
P
il , (2.41)
where βTij := ∂jui = βij + β
P
ij is the macro-displacement gradient. Thus, it fulfills the
Bianchi identity
∂jαij = 0. (2.42)
In such a dislocation theory of a micromorphic medium the dislocation density tensor is
completely determined by the macro-deformation like in classical dislocation theory [30].
2.3 The Eshelby stress tensor for micromorphic elasticity
In this subsection, we want to derive the Eshelby stress tensor and the configurational
forces for an anisotropic, inhomogeneous and incompatible micromorphic material with
external forces and couples. First we calculate the Eshelby stress tensor. Its divergence
gives the configurational forces. Such configurational forces are of importance for the
interaction between defects like dislocations and disclinations.
First, we consider the simplest case – a compatible and homogeneous micromorphic
elasticity. In this case, one has [19]
Pij = wδij −
∂w
∂(∂iΦ)
(∂jΦ), ∂iPij = 0 (2.43)
with the fields
Φ = (ui, φij). (2.44)
2Sometimes the third Bianchi identity is called the zeroth Bianchi identity, e.g., Hehl et al. [26],
Gronwald and Hehl [27].
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So, we obtain [19]
Pij = wδij −
∂w
∂(∂iul)
(∂jul)−
∂w
∂(∂iφkl)
(∂jφkl)
= wδij − σli∂jul − µkli∂jφkl. (2.45)
Of course, the following questions arise: What are the configurational forces in micro-
morphic elasticity and what is the generalization of Eq. (2.45) for an incompatible and
non-homogeneous micromorphic elasticity?
Following the procedure of Kirchner [31], we construct the Eshelby stress (or static
energy-momentum) tensor for an incompatible and non-homogeneous micromorphic medium.
From Eqs. (2.5) and (2.16) we obtain for the infinitesimal variation δ
δW =
∫ {1
2
γij [δAijkl]γkl + Aijklγkl[δγij] +
1
2
eij [δBijkl]ekl +Bijklekl[δeij ]
+
1
2
κijk[δCijklmn]κlmn + Cijklmnκlmn[δκijk]
+ γij[δEijkl]ekl + Eijklekl[δγij] + Eijklγij[δekl]
+ γij[δFijklm]κklm + Fijklmκklm[δγij] + Fijklmγij[δκklm]
+ eij[δGijklm]κklm +Gijklmκklm[δeij ] +Gijklmeij [δκklm]
}
d3x. (2.46)
With Eqs. (2.17)–(2.19) there remains
δW =
∫ {
σij [δγij ] + sij[δeij ] + µijk[δκijk] +
1
2
γij[δAijkl]γkl +
1
2
eij[δBijkl]ekl (2.47)
+
1
2
κijk[δCijklmn]κlmn + γij[δEijkl]ekl + γij[δFijklm]κklm + eij [δGijklm]κklm
}
d3x.
Now, we specify the variational operator to be translational:
δ = (δxk)∂k. (2.48)
So, it gives the expression
δW =
∫ {
σij [∂kγij] + sij [∂keij ] + µijk[∂kκijk] +
1
2
γij[∂kAijlm]γlm +
1
2
eij[∂kBijlm]elm
+
1
2
κijl[∂kCijlmnp]κmnp + γij [∂kEijlm]elm + γij[∂kFijlmn]κlmn
+ eij [∂kGijlmn]κlmn
}
(δxk) d
3x. (2.49)
Using the equilibrium equations (2.1) and (2.2), and the incompatibility conditions (2.26)–
(2.28), we rewrite Eq. (2.49) in the following form
δW =
∫ {
ǫkjlσijαil + σijκikj + ∂j [σijγik] + fiγik −
1
2
sijQijk + ǫkmnµijmΘijn
+ ∂j [µimjκimk] + lijκijk + nonhomogeneous terms
}
(δxk) d
3x. (2.50)
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On the left hand side of Eq. (2.46) we write
δW =
∫
δw d3x =
∫
[∂kw](δxk) d
3x =
∫
∂i[wδik](δxk) d
3x. (2.51)
One obtains∫ {
ǫkjlσijαil + ǫkmnµijmΘijn −
1
2
sijQijk + fiγik + lijκijk + σijκikj
+
1
2
γij[∂kAijlm]γlm +
1
2
eij[∂kBijlm]elm +
1
2
κijl[∂kCijlmnp]κmnp
+ γij [∂kEijlm]elm + γij[∂kFijlmn]κlmn + eij[∂kGijlmn]κlmn
}
d3x
=
∫
∂i[wδik − σliγ¯lk − µjliκjlk] d
3x = Jk, (2.52)
where γ¯ij = ∂jui − γ
P
ij. The first part contains the configurational force densities. The
integrand of the second integral in Eq. (2.52) is the divergence of the Eshelby stress tensor
(or static energy-momentum tensor)
Pij = wδij − σliγ¯lj − µkliκklj. (2.53)
Now, more important, its divergence gives the configurational (material), thermodynamic
forces acting on the sources and inhomogeneities. The result is
Fj = ∂iPij, (2.54)
with
Fj = ǫjklσikαil + ǫjklµmnkΘmnl −
1
2
smnQmnj − σklκ
P
kjl + fiγ¯ij + lklκklj + f
inh
j , (2.55)
where the inhomogeneities force density is due to the gradient of the elastic tensors (see
also [1, 32]):
f inhj =
1
2
γik[∂jAiklm]γlm +
1
2
eik[∂jBiklm]elm +
1
2
κikm[∂jCiklmnp]κmnp
+ γik[∂jEiklm]elm + γik[∂jFiklmn]κlmn + eik[∂jGiklmn]κlmn. (2.56)
Equation (2.55) is a sum of configurational force densities: the generalized Peach-Koehler
force density on a dislocation density αil in the presence of the force stress σik, the
generalized Mathisson-Papapetrou force density on a defect density Θmnl in the presence
of the hyper stress µmnk (see also [32]). This part is known from gauge theory (see, e.g.,
[26, 33]). A contribution from the nonmetricity is a new feature in micromorphic elasticity;
it arises because of the incompatible micro-strain and micro-wryness. Furthermore, we
have a generalized Cherepanov force density on a body force fi in the presence of the
distortion γ¯ij, the force density on a body couple tensor lkl in presence of the elastic
wryness κij , the force density on the force stress σkl in presence of κ
P
kjl, and the force
densities on inhomogeneities in micromorphic elasticity f inhj like the force density on an
elastic inhomogeneity derived by Eshelby [1]. Without sources and for a compatible and
homogeneous medium, the Eshelby stress tensor (2.53) is in agreement with Eq. (2.45).
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3 Theory of microstretch elasticity
3.1 The field equations
In microstretch elasticity [5, 6] we only have dilatational degrees of freedom in addition
to the rotational and translational ones. Sometimes such a theory with independent
rotational and dilatational fields is called micropolar-dilatation elasticity [34]. It is a
generalization of micropolar elasticity and a special case of the micromorphic elasticity.
Thus, all equations for microstretch elasticity can be reduced from the micromorphic ones
by setting the shear parts of the micro-fields to be zero. In microstretch elasticity, one
has directors with stretch and rotation only and no micro-shears of them.
If we use the decomposition
µijk =
1
3
δijµk −
1
2
ǫijlµlk, µij = −ǫilkµklj, (3.1)
lij =
1
3
δijl −
1
2
ǫijklk, li = −ǫijkljk, (3.2)
then we get from micromorphic equilibrium equations (2.1) and (2.2) the equilibrium
conditions in microstretch elasticity
∂jσij + fi = 0, (3.3)
∂jµij − ǫijkσjk + li = 0, (3.4)
∂kµk + σ − s + l = 0. (3.5)
Here µk is the intrinsic dilatational stress or microstretch vector and µij is the moment
stress tensor, l is the body microstretch force and li the body couple. Eqs. (3.3) and
(3.4) have the same form as the balance equations in micropolar elasticity. Eq. (3.5) is
the additional microstretch equilibrium condition which describes the dilatational balance
condition.
Using the passage to microstretch elasticity in Eq. (2.5) with
κijk = δijκk − ǫijlκlk, κij = −
1
2
ǫilkκklj, (3.6)
eij = δije, (3.7)
the strain energy is given by
w =
1
2
γij Aijklγkl +
1
2
e Be +
1
2
κij Cijklκkl +
1
2
κi Cijκj +
1
2
κi Cijkκjk +
1
2
κij Cijkκk
+ γij Eije + γij Fijklκkl + γij Fijkκk + e Gijκij + e Giκi, (3.8)
with
B = Bkkll, Cij = Ckkillj, Cijk = −ǫimnCmnjllk, Cijkl = ǫimnCmnjpqlǫpqk, (3.9)
Eij = Eijkk, Fijk = Fijllk, Fijkl = −Fijmnlǫmnk, Gi = Gkklli, Gij = −Gkkmnjǫimn.
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Thus, the microstretch constitutive moduli are reduced from the micromorphic constitu-
tive moduli. From Eqs. (2.14) and (3.9) the following symmetry relations are obtained
Aijkl = Aklij, Cijkl = Cklij, Cij = Cji, Cijk = Ckij. (3.10)
Using Eq. (3.8), the linear constitutive relations are explicitly
σij =
∂w
∂γij
= Aijklγkl + Eije + Fijklκkl + Fijkκk, (3.11)
s− σ =
∂w
∂φ
= (Ekl − Akl)γkl + (B −E)e + (Gkl − Fkl)κkl + (Gl − Fl)κl, (3.12)
µij =
∂w
∂κij
= Fklijγkl +Gije + Cijklκkl + Ckijκk, (3.13)
µi =
∂w
∂κi
= Fkliγkl +Gie + Ciklκkl + Ckiκk, (3.14)
with Aij = Aijkk = Akkij.
3.2 Incompatibility conditions and Bianchi identities in micro-
stretch elasticity
The total fields are again considered to be a sum of elastic and plastic incompatible parts.
Without micro-shears we obtain from Eqs. (2.20)–(2.22) the following decomposition into
elastic and plastic parts:
γTij := ∂jui + ǫijkφk − δijφ = γij + γ
P
ij, (3.15)
eT := φ = e + eP, (3.16)
κTij := ∂jφi = κij + κ
P
ij, (3.17)
κTj := ∂jφ = κj + κ
P
j . (3.18)
The total fields must satisfy the following compatibility conditions:
ǫjkl(∂kγ
T
il + ǫikmκ
T
ml − δikκ
T
l ) = 0, (3.19)
ǫjkl∂kκ
T
il = 0, (3.20)
ǫjkl∂kκ
T
l = 0, (3.21)
−∂ke
T + κTk = 0. (3.22)
It is important to note that these compatibility equations do not exactly agree with the
ones given by Eringen [6]. He claimed that the compatibility conditions of microstretch
elasticity are identical to those of micropolar elasticity. In fact, Eqs. (3.21) and (3.22) and
the last part in (3.19) are missing in his conditions. But, on the other hand, in microstretch
elasticity we have four fields, two fields more than in micropolar elasticity. For each
one we have a compatibility condition. Thus, we need four compatibility conditions in
microstretch elasticity.
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The generalization of the compatibility conditions for the total fields are the incom-
patibility conditions for the (incompatible) elastic and plastic fields. Eventually, the
incompatibility conditions read for elastic fields
αij = ǫjkl(∂kγil + ǫikmκml − δikκl), (3.23)
Θij = ǫjkl∂kκil, (3.24)
Θj = ǫjkl∂kκl, (3.25)
Qk = −2(∂ke− κk), (3.26)
and for the plastic fields
αij = −ǫjkl(∂kγ
P
il + ǫikmκ
P
ml − δikκ
P
l ), (3.27)
Θij = −ǫjkl∂kκ
P
il, (3.28)
Θj = −ǫjkl∂kκ
P
l , (3.29)
Qk = 2(∂ke
P − κPk ). (3.30)
By differentiating Eqs. (3.23)–(3.26) and Eqs. (3.27)–(3.30) we obtain the Bianchi
identities of microstretch elasticity
∂jαij = ǫimkΘmk +Θi, (3.31)
∂jΘij = 0, (3.32)
∂jΘj = 0, (3.33)
ǫklm∂lQm = 2Θk, (3.34)
which must be fulfilled by αij, Θij , Θj and Qj . These Bianchi identities are in agreement
with the ones given by Povstenko [29].
3.3 The Eshelby stress tensor for microstretch elasticity
In microstretch elasticity, we get from Eq. (2.53) the following Eshelby stress tensor
Pij = wδij − σliγ¯lj − µliκlj − µiκj , (3.35)
and from Eq. (2.55) we obtain the following expression for the configurational forces
Fj = ǫjklσikαil + ǫjklµikΘil − ǫjkiσklκ
P
il + fiγ¯ij + liκij + ǫjklµkΘl −
1
2
sQj − σjlκ
P
l + lκj + f
inh
j ,
(3.36)
with
f inhj =
1
2
γik[∂jAiklm]γlm +
1
2
e[∂jB]e +
1
2
κik[∂jCiklm]κlm +
1
2
κi[∂jCik]κk
+
1
2
κi[∂jCikl]κkl +
1
2
κik[∂jCikl]κl + γik[∂jEik]e + γik[∂jFiklm]κlm + γik[∂jFikl]κl
+ e[∂jGik]κik + e[∂jGi]κi, (3.37)
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which consists of 20 parts: 9 source terms and incompatibilities (dislocations, disclina-
tions, point defects) and 11 nonhomogeneous terms. Without source and nonhomogeneous
terms and for the compatible situation we obtain the divergenceless Eshelby stress tensor
Pij = wδij − σli∂jul − µli∂jφl − µi∂jφ, (3.38)
which is in agreement with the expression found by Lazar and Anastassiadis [19].
4 Theory of micropolar elasticity
4.1 The field equations
In micropolar elasticity [4, 6] we only have rotational degrees of freedom in addition to
the translational ones. Thus, it is a special case of microstretch elasticity.
Now, the equilibrium conditions read
∂jσij + fi = 0, (4.1)
∂jµij − ǫijkσjk + li = 0. (4.2)
Here µij is the moment stress tensor and li the body couple. The stored strain energy is
given by
w =
1
2
γij Aijklγkl +
1
2
κij Cijklκkl + γij Fijklκkl. (4.3)
Thus, the microstretch constitutive moduli are reduced micromorphic constitutive mod-
uli. From Eqs. (2.14) and (3.9) and using Eq. (3.8), the linear constitutive relations are
explicitely
σij =
∂w
∂γij
= Aijklγkl + Fijklκkl, (4.4)
µij =
∂w
∂κij
= Fklijγkl + Cijklκkl. (4.5)
Here the tensors Aijkl and Cijkl possess the symmetries (3.10).
4.2 Incompatibility conditions and Bianchi identities in micro-
polar elasticity
The total fields are considered to be a sum of elastic and plastic incompatible parts, i.e.,
γTij := ∂jui + ǫijkφk = γij + γ
P
ij, (4.6)
κTij := ∂jφi = κij + κ
P
ij . (4.7)
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The total fields must satisfy the following compatibility conditions:
ǫjkl(∂kγ
T
il + ǫikmκ
T
ml) = 0, (4.8)
ǫjkl∂kκ
T
il = 0. (4.9)
It is important to note that these compatibility equations do agree with the ones given
by [6].
The generalization of the compatibility conditions for the total fields are the incom-
patibility conditions for the (incompatible) elastic and plastic fields. Eventually, the
incompatibility conditions read for elastic fields [35, 36]
αij = ǫjkl(∂kγil + ǫikmκml), (4.10)
Θij = ǫjkl∂kκil, (4.11)
and for the plastic fields
αij = −ǫjkl(∂kγ
P
il + ǫikmκ
P
ml), (4.12)
Θij = −ǫjkl∂kκ
P
il. (4.13)
By differentiating Eqs. (4.10)–(4.13) we obtain the Bianchi identities in micropolar
elasticity [36]
∂jαij = ǫimkΘmk, (4.14)
∂jΘij = 0, (4.15)
which must be fulfilled by αij and Θij . These Bianchi identities are in agreement with
those given by Claus and Eringen [36].
4.3 The Eshelby stress tensor for micropolar elasticity
In micropolar elasticity, we get from Eq. (2.53) the following Eshelby stress tensor (see
also [18])
Pij = wδij − σliγ¯lj − µliκlj, (4.16)
and from Eq. (2.55) we obtain the following expression for the configurational forces
Fj = ǫjklσikαil + ǫjklµikΘil − ǫjkiσ
P
klκil + fiγ¯ij + liκij + f
inh
j , (4.17)
where
f inhj =
1
2
γik[∂jAiklm]γlm +
1
2
κik[∂jCiklm]κlm + γik[∂jFiklm]κlm (4.18)
which consists of 8 parts: 5 source terms and incompatibilities (dislocations and discli-
nations) and 3 nonhomogeneous terms. Without source and nonhomogeneous terms and
for the compatible situation we obtain the divergenceless Eshelby stress tensor as
Pij = wδij − σli∂jul − µli∂jφl. (4.19)
The formula (4.19) is in agreement with the Eshelby stress tensor given by Lubarda
and Markenscoff [17]. The corresponding Eshelby stress tensor for finite theory of polar
elasticity has been given by Maugin [16].
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5 Theory of dilatation elasticity
5.1 The field equations
In the dilatation elasticity [37, 34], we have only the dilatation of the microstructure in ad-
dition to the macro displacement as independent degrees of freedom. Thus, the dilatation
elasticity is obtained from the microstretch-elasticity (or micropolar-dilatation elasticity)
if we set the micro-rotational degrees of freedom to be zero. Theories of such type were
also introduced and considered by Nunziato and Cowin [38], Cowin and Nunziato [39].
These authors called it elasticity with voids. The equations of equilibrium are
∂jσij + fi = 0, (5.1)
∂kµk + σ − s + l = 0. (5.2)
The strain energy is of the form
w =
1
2
γij Aijklγkl +
1
2
e Be +
1
2
κi Cijκj + γij Eije + γij Fijkκk + e Giκi. (5.3)
Then we get for the stresses
σij =
∂w
∂γij
= Aijklγkl + Eije + Fijkκk, (5.4)
s− σ =
∂w
∂φ
= (Ekl −Akl)γkl + (B − E)e+ (Gl − Fl)κl, (5.5)
µi =
∂w
∂κi
= Fkliγkl +Gie + Ckiκk. (5.6)
The constitutive tensors have the same symmetries as in Eqs. (3.9) and (3.10).
5.2 Incompatibility conditions and Bianchi identities in dilata-
tion elasticity
The total geometric fields are
γTij := ∂jui − δijφ = γij + γ
P
ij, (5.7)
eT := φ = e+ eP, (5.8)
κTj := ∂jφ = κj + κ
P
j . (5.9)
Again, the total fields must satisfy the following compatibility conditions:
ǫjkl(∂kγ
T
il − δikκ
T
l ) = 0, (5.10)
ǫjkl∂kκ
T
l = 0, (5.11)
−∂ke
T + κTk = 0. (5.12)
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The incompatibility conditions are given by
αij = ǫjkl(∂kγil − δikκl), (5.13)
Θj = ǫjkl∂kκl, (5.14)
Qk = −2(∂ke− κk), (5.15)
and for the plastic fields
αij = −ǫjkl(∂kγ
P
il − δikκ
P
l ), (5.16)
Θj = −ǫjkl∂kκ
P
l , (5.17)
Qk = 2(∂ke
P − κPk ). (5.18)
Eventually, the Bianchi identities read
∂jαij = Θi, (5.19)
∂jΘj = 0, (5.20)
ǫklm∂lQm = 2Θk, (5.21)
which must be fulfilled by αij, Θj and Qj .
5.3 The Eshelby stress tensor for dilatation elasticity
In dilatation elasticity, we get from Eq. (2.53) the following Eshelby stress tensor
Pij = wδij − σliγ¯lj − µiκj, (5.22)
and from Eq. (2.55) we obtain the following expression for the configurational forces
Fj = ǫjklσikαil + fiγ¯ij + ǫjklµkΘl −
1
2
sQj − σjlκ
P
l + lκj + f
inh
j , (5.23)
with
f inhj =
1
2
γik[∂jAiklm]γlm +
1
2
e[∂jB]e +
1
2
κi[∂jCik]κk + γik[∂jEik]e + γik[∂jFikl]κl + e[∂jGi]κi,
(5.24)
which consists of 12 parts: 6 source terms and incompatibilities (dislocations, point defects
and/or microvoids) and 6 nonhomogeneous terms. Without source and nonhomogeneous
terms and for the compatible situation we obtain the divergenceless Eshelby stress tensor
as
Pij = wδij − σli∂jul − µi∂jφ. (5.25)
If we set the dilatational degrees of freedom to be zero we would recover the equilibrium
conditions, incompatibility equations, Eshelby stress tensor and the configurational forces
in the anisotropic theory of nonhomogeneous elasticity given by Kirchner [31].
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